Using a D0-brane as a probe, we study the spacetime geometry in the neighborhood of N D-branes in matrix theory. We find that due to fermionic zero modes, the coordinates of the probe in the transverse directions are noncommutative, and the angular part is a fuzzy sphere.
Introduction
The purpose of this paper is to study the noncommutative nature of spacetime in the neighborhood of D-branes. It was conjectured [1, 2] that the AdS × S spacetime, which is the near horizon geometry of certain brane configurations, is best described as a noncommutative space, based on hints from the AdS/CFT duality. With the help of giant gravitons [3] , people have also studied the AdS×S geometry probed by a graviton, which can be a string or membrane depending on the context [4, 5, 6] . Although it was first suggested that the spacetime consists of a q-deformed sphere [1, 2] , some evidence was also found for the fuzzy sphere [7, 4, 5, 6, 8] . There is also a suggestion of certain equivalence between two types of noncommutative spheres [9] .
Apart from information from the CFT side, since D-branes in background NS-NS B field is known to be noncommutative [10] , by dualities this implies that fundamental strings in background R-R B field become noncommutative [11] . Although worldsheet noncommutativity is not exactly the same as spacetime noncommutativity, it is natural to suspect that due to the R-R gauge field background, the AdS × S spacetime is also noncommutative.
It was pointed out in [7] that the AdS/CFT duality can be understood as a change of basis at the tip of the Coulomb branch of the DLCQ theory. By studying the DLCQ theory of the (2, 0) field theory, the S 4 part in AdS 7 ×S 4 was shown to be a fuzzy sphere in that paper. In this paper we aim to generalize the derivation of fuzzy spheres to branes of arbitrary dimensions. We study the matrix model [12] of a D-particle probing the spacetime surrounding N coincident Dp-branes. (By D-particle we actually mean a graviton with unit longitudinal momentum in DLCQ M theory.) We find that the transverse coordinates of the probe satisfy the algebra of Snyder [13] and Yang [14] , with the angular part defined on a fuzzy sphere for any even p. We shall focus on the geometry of the space transverse to N flat Dp-branes located at the origin. In the framework of BFSS matrix model [12] , we consider p = 4 in Sec.2, p = 2, 6, 8 in Sec.3. The case p = 0 is discussed in Sec.4. Finally we make some comments in Sec.5.
D4-branes
In this section we revisit the case of D4-branes, for which the fuzzy nature of spacetime was first discussed in [7] . We will obtain the same result in a slightly different way, which will later be generalized to other Dp-branes in this paper.
The matrix model for a D-particle in the vicinity of N D4-branes is given in [15] . The Lagrangian is composed of three parts
where L 0 is the U(N) SYM theory on 4+1 dimensions describing N D4-branes, L 1 is the SUSY U(1) Lagrangian for the D0-brane, and the interaction term is
where X m (m = 1, · · · , 4) denote longitudinal coordinates, and X a (a = 5, · · · , 9) transverse coordinates. We have v ρ as a Weyl spinor of SO (4), and χ is an SO (5) spinor. They correspond to the open string stretched between the D0-brane and N D4-branes, so they are in the fundamental representation of U(N). X and Θ are the matrix coordinates for the N D4-branes, and x and ψ are those for the D0-brane.
For large x, one can integrate out v and χ and read off the metric of D4-brane in the effective Lagrangian for x [15] . For small x we consider the low energy limit in which we can ignore the kinetic term of x. By varying L with respect to x, we find
As a change of coordinates, we can view
as the radial coordinate and
as Cartesian coordinates parametrizing S 4 . Assuming canonical commutation relations
one finds that the angular coordinates Y satisfy the algebra of Snyder [13] and Yang [14] [
[
where L ab are the generators of SO (5) rotations of the sphere. This result was first derived in [7] , and then in [4, 6] in different ways.
Note that the quantization of the system (6) is carried out without imposing any additional constraint. This is in contrast with other derivation of noncommutative space by imposing BPS constraints [6] , or other reduction of the Hilbert space [7] .
Dp-branes
To generalize the discussions above to p = 2, 6, 8, we start with the BFSS matrix model description of a D0-brane and N Dp-branes realized as a bound state of infinitely many D0-branes. The matrix model has the SYM action
where X's are the matrix coordinates, and Ψ is a 9 + 1 dimensional Majorana-Weyl spinor dimensionally reduced to p + 1 dimensions. They are
Here x and ψ are the probe coordinates. In the temporal gauge X 0 = i∂ 0 . Z i = −iD i (i = 1, · · · , p) are covariant derivatives on the dual torus, and they satisfy the Dp-brane condition
where f is a constant depending on N, the longitudinal momentum and the size of the torus. Z a 's (a = p + 1, · · · , 9) represent transverse coordinates of the N Dp-branes, so we let Z a = 0. We shall also take Θ = 0. In other words, we set the N D-branes in the ground state as a fixed background. The open string stretched between the probe and the N D-branes is represented by y and θ, which are in the fundamental representation of the gauge group U(N). Plugging (11) into the action (10), we obtain the potential [16]
For large x, the open string modes are heavy, so one can integrate out the off-diagonal components y, θ. The low energy effective action describes the probe moving in a curved spacetime. Given enough supersymmetry, it is in agreement with supergravity [17] . However, for small x, some open string modes are light, and they should not be integrated out. To take into account the light modes, we first set x = 0 and find the zero modes, and then one can adiabatically increase x to a small value (compared with the string length scale l s ). Given these open string modes, we shall minimize the potential energy in order to derive the properties of spacetime probed by a D0-brane in the low energy limit.
Let us recall some facts about the zero modes [16] . For any p (p = 0, 2, 4, 6, 8) there is always a fermionic zero mode. It is therefore important to keep the fermionic fields. We will see later that indeed they play a crucial role in making the spacetime noncommutative. For p = 2, 4, 6, 8, denote the fermionic zero mode as
For p = 4, φ A is an SO(4) Weyl spinor on D4-branes. It is a section of the twisted bundle on the dual torus. The amplitude of the fermionic zero mode is given by χ m , which is an SO(5) spinor. The bosonic zero mode is
where v is an SO(4) Weyl spinor. This can be viewed as a SUSY transformation from the fermionic zero mode according to δy µ =ǭΓ µ θ. Plugging this solution of θ and y into (13) , and integrating ove the dual torus, one reproduces (2) as the leading order terms. For p = 2, 6, 8, φ A is an SO(p) Weyl spinor on Dp-branes, and χ m is an SO(9 − p) spinor. There is no bosonic zero mode in these cases. We will ignore the kinetic terms of x and ψ in the action, assuming that they change very slowly with time. We will also replace θ by its zero mode solutions at x = 0. For p = 2, 6, 8, the lowest energy mode of y is given by
Its mass squared at x = 0 is of the order f for p = 6, 8. For p = 2 the mass squared is negative, as the D0-brane tends to dissolve into the D2-branes [18] . From (13) we derive the equations of motion for x
where µ, ν = 1, 2, · · · , 9. Plugging (14) and (16) into (17), and integrating over the dual torus, one finds 2|v|
This again implies (3), as in the case p = 4, and results in the algebra of an (8 − p) dimensional fuzzy sphere. Strictly speaking, the mass of higher exitations of y are of the same order of magnitude as the lowest energy mode. Hence it is not a very good approximation to ignore them. For a generic y, we can still integrate (17) over the dual torus for x i = 0. We get
where M ab is the integration of (2|y|
Since M ab is symmetric, it can be diagonalized by an SO(p) transformation so that (19) is turned into
Upon quantization, x ′ a becomes a coordinate on a fuzzy ellipsoid. Since all modes of y are heavy for p = 6, 8, one can also integrate out y and find effective values for M a and z a . Due to the SO(p) symmetry of the system, we expect that M a is a constant independent of a and z a = 0. It follows that x is still of the form (3)
and its angular part lives on a fuzzy sphere (7)-(9).
D0-branes
The discussion in the previous section also applies to the case p = 0 with constant zero modes. However, since this case is simpler, we are able to provide a more explicit derivation.
In the low energy limit we ignore time derivatives of x and ψ in the action to derive equations of motion from the potential (13) . Ignoring also higher order terms of y, we find the equation of motion for ÿ
where a, b = 1, · · · , 9. This equation of motion has the symmetry y a → y a + λx a for constant x, where λ is any scalar in the fundamental representation of U(N). This is in fact a gauge symmetry. For the background configuration
the gauge transformation by
results in a change of the off-diagonal components
We can fix the gauge by imposing
Note that D a = 0 (a = 1, · · · , 9) for D0-branes. Using the equation of motion for x (17) and the gauge fixing condition (26), we find
This is of the same form as (3) . The angular part
lives on a fuzzy sphere (7)- (9). Finally we have shown that the fuzzy sphere appears for all p = 0, 2, 4, 6, 8. The equation of motion for θ is
When x = 0 and ψ = 0, equations of motion for y and θ are trivially satisfied. The zero modes for y and θ are just arbitrary constants. For a complete analysis, Gauss' law should be imposed as a constraint of quantization in the temporal gauge (A 0 = 0). Time derivatives can not be ignored in the Gauss' law because the conjugate momenta of x also takes part in the commutation relations.
Remarks
The above derivation suggests that as a perturbative expansion, it is more efficient to formulate the theory in terms of the perturbative fieldsx, etc. defined by 
This can be viewed as a realization of the algebra (7)- (9) on BPS states satisfying
These are exactly the states considered in [4] that lead to the suggestion of a fuzzy sphere (32). The Dp-branes in type IIB string theory (p = odd) are related to the even p cases by T-duality, thus we also expect fuzzy spaces to appear there. Maybe one should use the IKKT matrix model [19] for an analogous discussion. However, for odd p the angular coordinate Y lives on an odd dimensional fuzzy sphere. For even dimensional fuzzy spheres, the radius squared R 2 = Y 2 is central for the representations constructed out of symmetrized tensor products of Clifford algebras [20, 4] . Yet for odd dimensions, we do not know a general construction of representations for which R 2 is central.
In [1, 2, 4, 5] it was also conjectured that the AdS part of the spacetime for AdS/CFT dualities should also be noncommutative. In our derivation following (17), we may keep x i nonzero in the derivation. The problem is that we do not have the SO(9) symmetry needed to reach (20) . It is also unclear how the time coordinate can ever turn out to be noncommutative in this framework. Perhaps one should start with IKKT matrix model [19] .
